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Network modeling has been performed to obtain quantitative and predictive results of
the flow of yield-stress fluids in packed beds. Physically representative networks were used
as the basis for the modeling, which have a one-to-one correspondence to computer-
generated packed beds of spheres. The networks are able to account for the interconnec-
tivity, heterogeneity, and converging/diverging geometry that are inherent in porous
media. The approach can be used to model a wide range of non-Newtonian fluids, but the
emphasis is for yield-stress fluids that can be represented using a Bingham model. For
these fluids, a threshold pressure gradient is required to initiate flow, and flow at low
pressure gradients is characterized by critical percolation behavior. Quantitative results
of superficial velocity vs. pressure gradient are presented, and are compared to tradi-
tional bundle-of-tubes models, as well as limited experimental data available in the
literature. Important differences are observed between the network model and the con-
stitutive models. These are attributed mainly to heterogeneity and converging/diverging
geometry, which are not accounted for in the semiempirical models. Comparison to
experimental data is good for certain fluids. In other cases, the modeling suggests that
effects other than fluid rheology may also have affected flow, such as adsorption or
filtration. © 2004 American Institute of Chemical Engineers AIChE J, 50: 3034-3048, 2004
Keywords: Bingham fluids, porous media, polymer properties, computational fluid dy-

namics (CFD)

Introduction

Modeling flow in packed beds and porous media at the
engineering scale usually employs semiempirical equations,
such as the Ergun equation, Darcy’s law, or the Carman-
Kozeny equation. Implicit in these equations is a view of the
porous medium as a continuum, meaning that velocity is a
spatially averaged, superficial velocity. Accordingly, all the
complexities of the microscopic pore structure are lumped into
terms, such as permeability. These empirical approaches are
backed by years of experimental validation, and are known to
work well for single-phase flow of Newtonian fluids.
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While the Ergun equation accounts for nonlinearities caused
by inertial forces, most other nonlinear behavior is difficult to
account for in a general sense. Examples include multiphase
flow and non-Newtonian flow. Multiphase behavior has been
studied extensively because of applications, such as interfacial
mass transfer in packed beds, multiphase flows in petroleum
reservoirs, and groundwater flow under unsaturated conditions.
Models of non-Newtonian behavior are not quite as well de-
veloped, but have still received significant attention because of
applications, such as composite-materials processing (Skartsis
et al., 1994), polymer processing and/or separations procedures
(Satyadev et al., 2000), and petroleum recovery applications
(Sorbie et al.,, 1989). The most common models for non-
Newtonian flow in porous media have been derived from
existing semiempirical theory. The simplest of these are bun-
dle-of-tubes models or Carman-Kozeny-type models (Carman,
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1939), which extend their Newtonian counterparts. However,
these approaches require additional empirical parameters to be
introduced, which makes the equations less general.

This article describes a first-principles (although approxi-
mate) model for the flow of non-Newtonian fluids through
packed beds. Flow behavior predicted by the model is com-
pared to existing empirical equations and limited experimental
data. These comparisons have helped in interpreting empirical
functionalities and answering certain questions (while raising
others) regarding discrepancies in experimental vs. theoretical
behavior.

Although the particular focus of this article is on Bingham
fluids in packed beds, the model is general in two aspects. First,
any number of constitutive equations can be used in the model,
including the more general Hershel-Bulkley equation (Skel-
land, 1967), which exhibits both yield and power-law behavior.
Second, flow is modeled using a network approach. Hence,
while this discussion is for packed beds, it could equally well
apply to natural unconsolidated media (Vogel and Roth, 2001),
consolidated materials (Bakke and Oren, 1997), and fibrous
materials (Thompson, 2002).

Ultimately, the role of the model described here is as a
surrogate for a closed-form, continuum-scale equation: quan-
titative flow behavior is predicted as a function of measurable
material and rheological properties. The advantage of this
approach is the ability to account for any number of phenom-
ena that are not reflected in traditional empirical equations,
such as heterogeneity, interconnectivity, spatial correlations in
physical properties, converging diverging flow geometries,
critical behavior associated with percolation, and so on. With
proper upscaling, the model can then be used (directly or
indirectly) to generate superficial velocities for continuum-
scale modeling of various engineering and materials-science
applications.

Background
Non-Newtonian fluid models

Numerous constitutive equations have been proposed to
describe the rheology of non-Newtonian fluids (Bird et al.,
1987; Carreau et al., 1997), all of which account for shear-
dependent viscosity in some way. Focusing on yield-stress
fluids in particular, the constitutive equation must reflect the
behavior that the material becomes fluid only after a critical
shear stress is reached. The simplest yield-stress model is the
Bingham model, in which the relationship between shear stress
vs. shear rate is linear, with the yield stress defined as the y-axis
intercept. A more general model is the Herschel-Bulkley
Model, which includes the shear-thinning or shear-thickening
behavior of power-law fluids and the yield-stress effect of the
Bingham Model, as shown by Eq. 1

dv,

Ty = To + Mo(@) (D

The Herschel-Bulkley model reduces to the ideal Bingham
model for the special case where n is unity, and to the power-
law model for no yield stress (7, = 0). Although more complex
models may describe the rheology of specific fluids better, the
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Bingham and Herschel-Bulkley models are widely used due to
their mathematical simplicity.

Macroscopic models for flow in porous materials

Several generalized equations have been developed for
yield-stress fluids that are analogous to Darcy’s law (which for
isotropic permeability is v = (-K/w)VP). Park (1972) devel-
oped a modified Ergun equation for modeling one-dimensional
(1-D) flow of a generalized Herschel-Bulkley fluid in a packed
bed. Pascal (1981) proposed a modified Darcy’s law for a
Herschel-Bulkley fluid. He acknowledges a threshold gradient
to initiate flow, but suggests that it must be determined exper-
imentally. Using a bundle-of-tubes approach, Al-Fariss and
Pinder (1985, 1987) were able to extend Pascal’s model by
deriving an equation for the threshold gradient. Vradis and
Protopapas (1993) derived a 3-D form of Darcy’s law for
Bingham fluids. Chase and Dachavijit (2003) derived a modi-
fied Ergun equation, similar to the one presented by Park
(1972), for the laminar flow of Bingham fluids in packed beds.

To gain insight into the semiempirical approach generally
used in these derivations, we focus on the 1-D form of the
modified Darcy’s law presented by Al-Fariss and Pinder
(1987). Approximating the porous medium as a bundle of
capillary tubes, the following expression relates the superficial
velocity and applied pressure gradient

[k (opP o \|"  op é
Vo = ey 9z el if 371> g T (2)
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The earlier expression is applicable above the threshold pres-
sure gradient required to initiate flow. The velocity is zero
below the threshold. The equation shows that the threshold
gradient is proportional to the yield stress, and is also a func-
tion of the porous medium morphology (through K). The
constant C is an experimental tortuosity constant, the value of
which varies in the range \/2 to 25/12, depending on the
source consulted. It should be noted that the modified Darcy
law presented by Al-Fariss and Pinder (1987) incorporates an
approximate velocity profile for flow so as to simplify the
resulting expression. Physically, the approximation neglects
the flat front of the velocity profile that occurs in unidirectional
laminar flow of a yield-stress fluid, which would most affect
calculations made at low flow rates (that is, when the applied
pressure gradient is near the threshold pressure gradient).
The primary advantages of the modified Darcy’s law shown
in Eq. 2 are its simplicity and its similarity in form to Darcy’s
law. The other aforementioned macroscopic models were ob-
tained using similar approaches, that is, from expressions for
flow rate vs. pressure drop in a single capillary tube (see Table
1). Surprisingly, the models predict quite different results for
the threshold gradient, as well as the velocity above the thresh-
old gradient despite the fact that they are each derived in a
similar way. Figure 1 compares the results for each of the
models (without empirical adjustments) using hypothetical
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Table 1.

Equations for Flow Rate vs. Pressure Drop in a Cylindrical Capillary

Fluid Type Equation for Flow Rate in Cylindrical Tube
Newtoni g
ewtonian qg=—=AP
n
g 4/1 R (1/n)—1
Power-Law 4= <3n ¥ 1><i> AP
4
Bingham _ 8 4(m L/
=2 — =) +=—
7 o AP[l 3\n,/)  3\m
8 8L (7, — 1) """ (1, — 7)) 2m(m, — 7) s
Herschel-Bulkley = | R 7 3+ 1n 24 1n 1+ 1n

g = (wR*8L); S = 2mRL; 7, = (APR/2L)

rheological parameters 7, = 10 Pa, n = 1, and, u, = 0.1 Pa-s,
and porous medium parameters D, = 0.2 cm and ¢ = 38%.
The differences in predicted velocity would be even more
significant for fluids that exhibit shear-thinning behavior in
addition to a yield stress.

It is generally recognized that these semiempirical ap-
proaches require matching to experimental data to correct for
the limitations built into the models. With the limited amount
of data that are available, it is not yet clear whether universally
applicable adjustments can be made (as with the Ergun equa-
tion for Newtonian flow), or whether a case-by-case assess-
ment is needed, in which case the empiricism is less useful.
Qualitative arguments reveal limitations in the bundle of tubes
models that may be less consequential for Newtonian flow, but
that are important for predicting yield-stress behavior. First, the
distribution of pore sizes in a real material produces a critical
percolation effect for yield-stress fluids (Sahimi, 1993; Shah et
al., 1995) that does not occur in a uniform bundle of tubes.
Second, we show later that the converging-diverging behavior
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Figure 1. Darcy velocity vs. pressure gradient as mod-

eled by various bundle-of-tubes models.

For the purpose of comparison, bed and rheological properties
were chosen as D, = 0.2 cm, ¢ =38%, 7, = 10 Pa, u, = 0.1
Pa-s. (Permeability was computed using Blake-Kozeny equa-
tion (Bird et al., 2002) to be 3.81 X 10> cm?)
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of individual throats has a prominent effect for yield-stress
fluids.

Experimental work

A limited amount of experimental work has been published
for the flow of yield-stress fluids in packed beds. Park (1972)
measured friction factor as a function of modified Reynold’s
number using solutions of polymethylcellulose, which is mod-
eled in his work as a Herschel-Bulkley fluid. The data were
compared to the theoretical friction factor obtained from the
modified Ergun equation. Although excellent agreement be-
tween experimental and theoretical friction factor is presented
in his dissertation, we were unable to reproduce these results
using their tabulated data. Al-Fariss and Pinder (1985, 1988)
measured pressure gradient vs. Darcy velocity in a packed bed
using paraffinic wax in oil, and compared the data to the
modified Darcy law (Eq. 2). Chase and Dachavijit (2003)
obtained similar data for various concentrations of Carbopol
solution (approximately a Bingham fluid), and compared the
data to their modified Ergun equation. Recognizing the limita-
tions of the macroscopic models, Al-Fariss and Pinder (1987),
as well as Chase and Dachavijit (2003), treated constants in the
empirical models as adjustable parameters to better match the
models to their data. Al-Fariss and Pinder (1987) adjusted the
threshold gradient, power-law index n, and permeability K, to
fit the data. Since permeability was measured independently
from Newtonian tests, their approach is analogous to introduc-
ing a relative permeability term that accounts for the non-
Newtonian behavior. They perform adjustments on a case-by-
case basis, and no universal methodology is proposed. Chase
and Dachavijit (2003) added a single experimental constant in
the threshold gradient term, which was assigned a universal
value so as to best fit all of their experimental data. The
correction is attributed to inaccuracies in the bundle-of-tubes
approximation.

Network modeling

Network modeling is a pore-scale technique in which a
porous medium is approximated as an interconnected network
of pores and pore throats. It makes use of first-principles
equations in the model formulation, making it ideal for situa-
tions where empiricism is not effective. At the same time,
approximations to the fluid mechanics and the pore morphol-
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ogy allows modeling to be performed over orders-of-magni-
tude larger characteristic length scales than numerical tech-
niques where the equations of motion are solved directly.

Network modeling has been used to study a large number of
phenomena, including permeability (Bryant et al., 1993), solute
dispersion (Sahimi and Imdakm, 1988), multiphase flow
(Lenormand et al., 1988), contaminant transport (Dillard and
Blunt, 2000), inertial flows (Thauvin and Mohanty, 1998), and
more. In the past, much of the modeling has been performed on
idealized networks, in which case the results are largely qual-
itative. During the past 10 years, however, new techniques for
network generation and flow modeling have been developed
that allow them to be used in a predictive sense for certain
applications.

Most network modeling studies of non-Newtonian flow deal
with shear-thinning fluids (that have no yield stress). Sorbie
and Clifford (1989) modeled the flow of a Carreau fluid using
2-D networks. Quantitative parameters were defined (for ex-
ample, permeability, area) and used to investigate macroscopic
flow rate vs. pressure drop. However, comparison to real po-
rous media is difficult because the networks are 2-D. Shah and
Yortsos (1995) used 2-D and 3-D networks to model the flow
of power-law fluids in porous media. They present qualitative
results for the steady flow, which show that flow patterns are
more sensitive to the throat-size distribution than for the case of
Newtonian fluids. Shah et al. (1998) used similar networks to
study displacement patterns involving power-law fluids. Re-
cently, Lopez et al. (2003) used physically representative net-
works to model shear-thinning fluids in both consolidated and
unconsolidated porous media, and showed good agreement
with existing experimental data.

Modeling the flow of yield-stress fluids presents an addi-
tional challenge, because a finite pressure gradient is required
to initiate flow in a throat. This effect can cause numerical
difficulties because the pressure distribution is indeterminate in
regions where the flow has not yet yielded. Sahimi (1993)
modeled general nonlinear behavior in square (2-D) and cubic
(3-D) networks, which included modeling piecewise linear
transport within a network that contained thresholds for bond
conductivities. This approach serves as an approximation for
yield-stress flow through porous media (among other applica-
tions given). An equation analogous to Bingham flow in a
capillary (although somewhat simpler) is used for flow in a
throat. Although the network contained a distribution of thresh-
old potentials, each bond was given the same value of conduc-
tivity. Consequently, emphasis was placed on determining the
critical gradient required to initiate transport in the network. In
real situations, the flow behavior above the critical gradient
will depend on the distribution of conductivities in the network
in addition to the threshold values. Shah et al. (1995) modeled
the flow of a Bingham fluid in 2-D networks. Percolation
patterns in the network are presented at various values of
dimensionless yield stress. Images of the simulations illustrate
that the number of percolating pathways for flow decreases as
the dimensionless yield stress (o,) increases. Furthermore, a
dimensionless critical yield stress (o) is identified for the
network, which denotes the applied pressure gradient required
for a percolation path to form. It is shown that o, depends on
the heterogeneity and interconnectivity in the network. Addi-
tionally, qualitative results are presented of a Bingham fluid
displaced by a Newtonian fluid.
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Objectives of the current work

In this work, the flow of non-Newtonian fluids in a packed
bed is modeled using a first-principles approach. For simplic-
ity, we present results for Bingham fluids, but the numerical
model is being run with a variety of nonlinear constitutive
equations.

Computer-generated sphere packings are used as models of
packed beds, and are mapped onto networks of interconnected
pores and throats. Flow modeling is used to predict macro-
scopic velocity as a function of applied pressure gradient. The
key difference between this approach and the semiempirical
approaches described earlier is that this model explicitly ac-
counts for fluid rheology and pore structure without adjustable
parameters. The difference between the current model and
previous network models is the ability to perform quantitative,
predictive modeling, based on measurable input parameters
(that is, fluid rheology, particle size, and particle-size distribu-
tion).

Modeling Approach
Model of the packed bed

The packed beds used in the model are computer-generated
random sphere packings. They are created using a collective
rearrangement algorithm, which is one of two common meth-
ods for computer simulations of sphere packings, the other
being sequential addition algorithms (Powell, 1980). The latter
type of algorithm operates by the sequential addition of spheres
to the edge of an existing bed or agglomerate. The main
advantage to this approach is the ability to ensure point con-
tacts between neighboring particles, which in turn leads to
gravitationally stable packings. However, this approach has a
number of drawbacks, the foremost being the inability to
control porosity effectively.

Collective rearrangement algorithms are initiated by placing
spheres randomly (or with a random component) into a pre-
scribed domain without regard to whether sphere overlaps
occur. For porosities of practical interest, overlaps are inevita-
ble, but are then removed by iterative rearrangement of the
sphere positions. In its simplest form, collective rearrangement
consists of small, random movements of spheres in the pack-
ing; a move is accepted if it reduces the amount of overlap and
is otherwise rejected. More elaborate strategies have been
devised to improve the convergence speed, which typically add
a logical component to the random displacements (for example,
Jodrey and Tory, 1985).

The advantages of this approach include the ability to incor-
porate spatial correlations into the packing, and to prescribe the
porosity of the packing a priori. (Assuming that all overlaps
will eventually be removed, porosity is determined as soon as
the domain size is specified and a given volume of spheres is
placed into it.) The two drawbacks to this approach are that it
is relatively slow, and that it does not ensure point contacts
between spheres. This latter point, in theory, precludes the
construction of gravitationally stable packings. However, in the
porosity ranges that are physically representative of packed
beds (36 to 40% for monodisperse sphere size), the resulting
particle-particle gaps are insignificant compared to particle
diameters, and do not influence the modeling of viscous flows.

The collective rearrangement algorithm used in this work
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Table 2. Geometric Parameters Defining the Network

Structure
Variable Variable
Association Variable Name Type Dimension
Network Domain dimensions vector length
Pore Location vector length
Void volume scalar length?
Maximum inscribed radius  scalar length
Throat Interconnectivity:periodicity — scalar:vector
Cross-sectional area scalar length®
Maximum inscribed radius  scalar length
Surface area scalar length®
Hydraulic conductivity scalar length?

imposes fully-periodic boundaries on the computational do-
main to eliminate edge effects in the packing. Sphere radii are
selected randomly from a prespecified distribution (which can
be of arbitrary form). If necessary, spatial correlations in sphere
size can be incorporated using geostatistical kreiging tech-
niques (Jensen et al., 1997). For a given distribution of sphere
sizes, two of the following three parameters can be specified
independently: number of spheres, domain size, or porosity.
The remaining parameter then depends on the other two selec-
tions.

Network structure

Specification of the position and radius of each sphere in the
packing is sufficient to completely define the structure of the
void space in which fluid is transported. However, it is a
continuous, interconnected region with a complex geometry.
Hence, some form of discretization is required prior to numer-
ical simulation. In the network-modeling approach, the contin-
uum void space is discretized into pores and pore throats. The
challenge is to obtain a network structure that effectively
represents the true pore-space morphology.

In this work, networks are generated using a modified Delau-
nay tessellation (MDT) algorithm (Al-Raoush et al., 2003),
which consists of three key steps:

(1) Perform a periodic Delaunay tessellation using the
sphere centers. This step organizes the pore space into a col-
lection of space filling tetrahedrons, each having a sphere
centered at its four vertexes. This approach has been used in the
past for characterizing random packings because of the natural
correspondence of tetrahedrons to pores and the faces of tet-
rahedrons to pore throats (Mellor, 1989).

(2) Using the Delaunay cells as seed points, perform numer-
ical optimization to find the largest spheres that can be in-
scribed into local voids in the packing. In cases where a single
void is composed of multiple Delaunay tetrahedrons, merge
these tetrahedrons into a single polyhedron. As with the orig-
inal tetrahedrons, the tightest pore-to-pore constrictions are
necessarily projected onto the faces of the polyhedrons, thus
defining the pore throats.

(3) Perform a detailed geometric analysis of each pore to
calculate critical parameters for modeling fluid transport. These
parameters may include (but are not limited to) those listed in
Table 2.

The MDT algorithm has a number of important features.
First, the procedure described in step 2 is a rigorous analysis to
locate local void spaces in the packing. Second, the process
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allows the interconnectivity between pores to be defined natu-
rally, with no geometric restrictions on the pore coordination
number. Third, the network is physically representative, mean-
ing that a one-to-one correspondence exists between the net-
work and the original packing, and no morphologic informa-
tion is lost in constructing the network. Finally, the parameters
used to describe the network (Table 2) are rigorous geometric
parameters (except hydraulic conductivity, which is a dynamic
parameter). Hence, the morphology of the original packing is
not compromised by defining the network structure.

The implications of the third and fourth points are signifi-
cant, mostly because the network is not transformed into a
network of capillary tubes (a process that does compromise the
morphologic description). Note in Table 2 that no capillary
radius or length is listed. (The throat radius is a physical
dimension measurable from the packing: the inscribed radius at
the tightest constriction of each throat.) An additional benefit of
generating a physically representative network is that, because
of the one-to-one correspondence of the network to the original
packing, additional morphologic parameters can be extracted if
necessary.

Determining the parameters listed in Table 2 is not trivial.
The process is described in more detail in Al-Raoush et al.
(2003), but is summarized here for completeness. Domain
dimensions are specified from the original sphere packing. The
location of each pore is the location of each maximum-radius
inscribed sphere found within the packing (inscribed spheres
with significant overlap are merged). The void volume of each
pore and the cross-sectional area of each throat can be calcu-
lated analytically for cases where sphere overlaps are negligi-
ble. The radii of inscribed spheres (pores) and circles (throats)
are found by numerical optimization routines. The hydraulic
conductivity can be calculated using a variety of approaches. In
this work, we use a combination of the techniques described by
Bryant et al. (1993) and Thompson and Fogler (1997), which
gives reasonable quantitative results. Work is currently under-
way to assess the validity of these calculations via comparison
to CFD results. Finally, the surface area of each throat is
obtained by assigning a fraction of each sphere surface to the
appropriate throat that it bounds. Figure 2 illustrates the trans-
formation of the random sphere packing into a discrete network
of pores and throats.

Modeling fluid flow in the network

The general approach to network modeling is to impose a
mass conservation equation at each pore in the network. For

(a) (b) (©)

Figure 2. Transformation of a random packing into a
physically representative network.

(a) 1,000-sphere periodic random packing; (b) 3-D periodic
Delaunay tessellation; (c¢) 3-D periodic network generated
using the tetrahedron-merging algorithm.
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constant-density fluids, the conservation equation for pore i is
simply

2 ;=0 3)
J

where g;; is the volumetric flow rate into pore i through a throat
connected to neighbor j. The flow rate g; is then written in
terms of unknown pore pressures, which become the dependent
variables in the problem. Hence, an expression for flow rate as
a function of pressure drop in each throat is needed for substi-
tution into Eq. 3. For low Reynolds-number flow of Newtonian
fluids, flow rate is linearly proportional to the pressure drop,
and substitution of a general expression for flow rate gives

E%m—m=o @)

J

where g;; is the hydraulic conductivity of the pore throat
connecting pores i and j, w is the fluid viscosity, and P
represents point values for pore pressure.

In this work, network simulations are run at specified pres-
sure gradients, so that the boundary conditions for the network
consist of fixed inlet and outlet pressures. For a network of N
pores, Eq. 4 is written once for each pore in the network to give
a system of N equations for N unknown pore pressures. For
throats that connect a pore to the inlet or outlet, P; is known and
the term (g,/u)P; contributes to the righthand side of the matrix
equation. (Alternatively, to run simulations at constant flow
rate, an additional equation is imposed forcing the sum of all
inlet flow rates to equal the specified total volumetric flow rate.
An additional unknown is also generated in this process, usu-
ally the inlet pressure.)

For non-Newtonian fluids, expressions for g;; are not avail-
able, except for specific geometries, such as cylindrical ducts.
However, to efficiently model flow in the network, analytical
expressions for g; (even if approximate) are needed for sub-
stitution into Eq. 3. Three possibilities have been considered to
address this problem: (1) Use Table 1 equations directly by
assigning an equivalent radius and length to each throat; (2)
create new equations for flow, based on the representative
throat geometry, while maintaining the basic functionality of
the capillary tube equations; (3) perform CFD on the relevant
geometries to generate empirical expressions for flow. Regard-
less of the technique employed, the equations for g; will be
nonlinear in pressure. Accordingly, a set of simultaneous non-
linear algebraic equations must be solved to determine the
pressure field in the network.

Modeling flow in a single throat

Although the third option for obtaining ¢g;; is the most rig-
orous (that is, empiricism based on CFD simulations), it is
difficult to justify given other simplifying assumptions that are
inherent to the network approach. Furthermore, although de-
tailed finite element simulations are presented later, using CFD
to directly estimate throat conductivities has obvious practical
drawbacks. First, the real throats are not axisymmetric, and,
thus, would require full 3-D simulations. Second, rigorous
simulation on a throat-by-throat basis is not possible, because
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Hypothetical Duct: g = 6.8 x 105 Equivalent capillaries: g = 6.8 x 105

{b) Equivalent-area capiflary ()

1.0 < (c) Equivatent-tength capillary ( )
{a) Constricted duct

(d) Equivalent radius (constriction) capillary

Surface area=1.5

Figure 3. Hypothetical duct to various capillaries with
equal conductivity.
(a) hypothetical converging/diverging duct: g = 6.8 X 107>,
S = 1.50; (b) equivalent-surface-area capillary: R = 0.133,
L = 1.80; (c) equivalent-length capillary: R = 0.115, L =1.0;
(d) equivalent-constriction capillary (R = 0.075, L = 0.182).

of unknown boundary conditions. Third, there is no assurance
that the resulting correlations for g;; could be generalized to all
packing structures, which may require new CFD simulations to
be performed each time conditions are changed. Finally, the
correlation would be entirely empirical, making phenomeno-
logical interpretation of behavior more difficult.

The first option (transformation of the network into capillar-
ies) is certainly desirable because of its simplicity. However, it
introduces ambiguity to the model, as illustrated by the follow-
ing arguments. If the converging/diverging throats from the
real packing are transformed into capillary tubes, the capillaries
must be constructed in such a way that flow rate would be the
same as in the corresponding duct for a given applied pressure
drop. Considering the simple case of creeping Newtonian flow,
this transformation (although unnecessary if g is presumed to
be known) simply requires defining a capillary that has an
equal hydraulic conductivity as the actual throat. Since a cap-
illary geometry has two degrees of freedom (for example,
radius and length), an infinite number of choices would be
viable for creeping Newtonian flow.

For non-Newtonian flow, the relationship between flow rate
and pressure drop is more complex. The conductivity alone
cannot be used to predict flow, even in a capillary (see Table 1).
Hence, transforming the real throats into equivalent capillary
tubes requires enforcing a second geometric constraint. The
ambiguity arises because several options exist for this second
constraint (see Table 2), including the constriction radius,
pore-to-pore length, and surface area, meaning that no single
capillary network can uniquely represent the true packed bed.

The point can be illustrated rather dramatically using Figure
3, which shows a hypothetical converging/diverging duct,
along with three transformed capillaries, each with the same
conductivity as the duct, but with different properties imposed
as the second constraint. For the current work, we require
equivalent capillaries in which flow commences at the correct
critical pressure drop (in addition to predicting the correct flow
rate at high-pressure drops). Since shear stress acts over the
inner surface area of the duct, the Figure 3b duct might appear
to be the most appropriate approximation, because it has equal
interior area S, and equal conductivity g to the constricted duct.
However, numerical simulations show that this is not the case,
as illustrated by Figure 4 (see Appendix A also), which com-
pares flow through the hypothetical duct vs. flow through the
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Figure 4. Bingham flow in a hypothetical duct (Figure 3a)

vs. flow in the equivalent-surface-area capil-

lary (Figure 3b).

Dimensionless pressure drop is defined as the pressure drop
divided by the critical pressure drop required to initiate flow
in a capillary. The dimensionless flow rate is defined as the
flow rate divided by the flow rate of a Newtonian fluid with
viscosity u, at dimensionless pressure drop of 1.

equivalent-area capillary. The reasons for the discrepancy are
related to the geometry of the true capillary. Since the inner
surface is everywhere tangent to the velocity, shear stresses in
the fluid are distributed evenly over the tube’s interior surface.
Thus, when the fluid first yields, it yields everywhere at the
wall, allowing the Bingham material to move as a solid body
(except exactly at the wall). In contrast, for the converging/
diverging duct, the wall is not tangent to the shear stress
everywhere and stress is not uniformly distributed over the
inner surface. Consequently, as stress is applied to the con-
verging/diverging duct, confined pockets of the material can
yield well before bulk flow occurs. This behavior is illustrated
by Figure 5, which shows the stress distribution in a Bingham
fluid as increasingly large pressures are applied to one side of
the axisymmetric duct. The contour lines represent the yield
stress of the fluid for this particular case, and, thus, separate
regions of yielded vs. unyielded material.

The advantages of the capillary-tube equations from Table 1
are their simplicity and that they are based on fundamentals. A
compromise method that retains these attributes is the second
possibility listed in the previous section: to use the functional-
ity of the capillary equations, but to empirically adjust key
parameters to more accurately simulate the fluid dynamics in
the true pore throats of the packing. Adjustments can be made
specifically for each individual fluid type; therefore, a set of
equations analogous to those in Table 1 would be applicable for
the network. The details of this approach for the specific case
of a Bingham fluid are as follows.

Following Table 1, the equation for flow rate of a Bingham
fluid through an arbitrary geometry is assumed to have the form

T

o AP?

To 1
—+a, — AP+ a,
Mo Mo

&)

q = —4do
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where the constants a,, a;, and a,, are geometric parameters for
the duct. For a capillary tube, these constants can be written in
terms of the radius and length (see Table 1)

wR? wR* 27L

aO,cap = ? al,('up = ST a2,(:ap = T (6)

The constants could also be written in terms of the conductivity
(g) and surface area (S) of the capillary. This format is more
useful since both of these parameters are known for the actual
throats, as shown in Table 2

T (4S8 g 3/5 T S4 3/5
aO,cap = g ? al,cap = g a2,cap = ? m

)

For the general case of a converging/diverging duct, the con-
stants are assumed to be some function of the known geometric
properties

a, = f>(g, S, Yr)s
)

ag=fo(g, S, ve) a=fi(g S, v

where we have assumed that the aspect ratio of the constriction
is a third key parameter.

Equation 7 cannot be substituted directly for Eq. 8, because
of the problem illustrated by Figure 4. However, we argue that
the functionality of Eq. 7 can remain intact, with small empir-
ical adjustments. In fact a; must equal g for any shaped duct,
because as AP approaches infinity, the fluid is approximately
Newtonian. In such a case, Eq. 5 must reduce to the Newtonian
equation for flow, and a, would equal the conductivity. Since
substitution of the total duct surface area into Eq. 7 would
overpredict the yield point (pressure drop required to initiate
flow), adjustments must be made to those terms that include the
duct surface area.

To determine the coefficients for the duct (Eq. 8), an effec-
tive surface area is defined so that the analytic expression for
flow rate (Egs. 5 and 7) can still be used. This effective area is
calculated, based on the error in the critical pressure drop for

. - a I-w-! !r--ll a )

T N e ™.

(a) (b)

e | | 2 B .

"_n = If‘ iﬂ A { j o
ich (d)

Figure 5. Images of stress distributions in converging/
diverging ducts at increasing pressure drops:
(a) AP, = 0.5; (b) AP, = 0.78; (c) AP, = 1.0; (d)
APy = 2.0.

Color corresponds to a log representation of the second in-
variant of the stress tensor: V (1/2)7: 7.

AIChE Journal



T T T T T
O circle
*x  wide ellipse x
08+ + thinellipse i
O square 4
—— empirical [s]
08| x B
0.7 =
° o
g osf |
E x
c
- 05F- B
=z +
2
8 04r a 1
£
3
03r —
02+ R
o.tr 1
o L L L L L L I L )
0 0.1 0.2 03 0.4 05 06 07 08 08 1

Aspect Ratio

Figure 6. Linear yield point ratio vs. aspect ratio for var-
ious duct types.

Equation represents best fit to ducts with constrictions of
constant curvature.

flow (AP"), defined by the yield-point ratio (YPR): the ratio of
the critical pressure drop for the duct to the critical pressure
drop for the equivalent-area capillary tube. Essentially equiv-
alent, but more convenient for numerical computation, is the
linear yield-point ratio

AP?;n,dW:t
LYPR = W (9)

lin,cap

where the linear yield points are found by extrapolating the
linear portions of the curves from Figure 4 (AP > AP*) back
to the x axis.

Values of LYPR were obtained by running finite-element
simulations of Bingham flow for a large number of duct ge-
ometries (see Appendix A). From these data, a strong correla-
tion was found between LYPR and the aspect ratio vy of the
ducts (which in the network we define as the ratio of the
inscribed constriction radius to the inscribed pore radius). The
correlation is shown in Figure 6; the different symbols repre-
sent different types of constrictions. The circles are constric-
tions of constant curvature. These are the most similar to
constrictions in the network model, which are formed by
spheres. Hence, these data were used to formulate the empirical
equation

0.2617,
1 + 0.686y; + 0.929y2

LYPR = (10)

Given the network parameters from Table 2, the aspect ratio of
a throat can be approximated as the ratio of inscribed throat
radii to pore radii, and LYPR is obtained using Eq. 10. Once an
estimate of LYPR is obtained for a specific duct geometry, it
must be translated into an effective surface area S, as follows.
Combining Eqgs 5 and 7, setting the flow rate equal to zero, and
retaining only the linear terms gives
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(an

Equation 11 can be rewritten in terms of the linear critical
pressure drop

16mg*\ ' 4
<T> AP;’?’n,mp = g T() (12)

which is applicable for a capillary tube. The equivalent equa-
tion for a generalized duct is

16mg?\ " 4
(Ssz) AP;‘;n,ducr = g To (13)

Dividing Eq.12 by Eq 13 provides an expression relating the
effective surface area to the linear yield point ratio

LYPR = o = [ (14)

AP?;n,ducr (Seff)3/5
AP lin,cap
In the network model, S, is obtained from Eqgs. 10 and 14. S,
is then used in place of S in Eq. 7, thus, generating coefficients
for a semi-analytic expression for ¢q,,., as a function of the
pressure drop, rheological properties, and geometric properties.
Figure 7 shows agreement between the semi-analytical ex-
pressions and numerical simulations for Figure 3a duct. The
comparison shows good agreement except at low-pressure
drops. The error in this range is essentially because the constant
a, in Eq. 6 was adjusted to account for the converging/diverg-
ing geometry, but a, was not. However, because the error is at
low flow rates, it is relatively less important and further refine-
ment is probably not justified given that the empiricism is
based on idealized converging-diverging ducts with simple
boundary conditions.

Numerical solution

Figure 8 illustrates the relationship between dimensionless
flow rate and dimensionless pressure drop in a capillary (or
converging/diverging duct; the functionality is assumed to be
the same in this model). The shapes of these curves are indic-
ative of the types of nonlinearities that must be dealt with in the
numerical solution. For the case of power-law fluids, direct
solution of the nonlinear equations using the multidimensional
Newton-Raphson method has proved convergent and highly
efficient in all cases tested. However, solution of the Bingham
or Herschel-Bulkley flow equations is less stable due to the
zero-flow region that appears for any yield-stress fluid (that is,
before the wall stress is sufficient to overcome the yield stress).

To address these convergence problems, a modified Bing-
ham (or Hershel-Bulkley) equation is used, which approxi-
mates the true functionality but allows a finite flow rate to
occur at all pressure drops. Because the modified curve has a
finite slope below the critical pressure drop, it lends stability to
the numerical algorithm. The modified equation is derived by
assuming power-law behavior between zero and AP,,, which is
an arbitrarily selected pressure drop that is greater than the
dimensionless pressure drop required to initiate flow. In fitting
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Figure 7. Bingham flow in a hypothetical duct (Figure 3a) to the analytical solution in the empirically defined

equivalent capillary.

the modified equation, two unknown parameters arise, which
are determined by forcing continuity in the value and its first
derivative where the modified curve meets the true Bingham
equation (at AP,,). Figure 9 illustrates the shape of modified
curves for matching points of AP,, = 3.0, 2.0, and 1.5 times the
critical pressure drop.

To achieve a rigorous solution for flow of a yield stress fluid,
the problem is first solved using the modified Bingham equa-

tion with AP,, = 20, which leads to universal convergence for
the cases we have tested. AP,, is then lowered incrementally to
a value near AP* (for example, 1.01 AP*), with the pressure
field from the previous solution used at each subsequent step
down. When the matching point is reduced to some small
value, the resulting pressure field is then used as an initial guess
for the true Bingham constitutive equation.

Once a solution for the pressure field in the network is

2 T T
—— Newtonian
----- Power-Law
1.8H ---- Bingham
Herschel-Bulkley
16
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¥
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Figure 8. Dimensionless flow rate vs. pressure drop in a capillary tube for various rheological models.

Equations can be found in Table 1.
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Figure 9. Exact and approximate solutions for dimensionless flow rate versus dimensionless pressure drop.
Approximate solutions used during iterations to increase numerical stability.

known, it can then be used to calculate various flow properties,
the most important of which is the Darcy velocity (because it
is the parameter of interest for modeling at the macroscopic
scale). Certain results presented below are shown as plots of
Darcy velocity vs. applied pressure gradient. Each of these
plots can be viewed as a numerical replacement for Darcy’s
law for that particular fluid and porous material.

Results and Discussion
Qualitative behavior

In a single pore throat, flow commences only when sufficient
internal stress exists such that the yielded material becomes
uncontained, as described in the discussion of Figure 5. The
specific behavior is a function of the throat size, geometry, and
pressure drop across the throat. For a capillary tube, the be-
havior is particularly simple, with flow occurring when the wall
stress 7,, = AP(R/2L) exceeds the yield stress.

For an interconnected network, the behavior is analogous
except that flow will occur only when the fluid yields to allow
flow along a connected set of paths between the inlet and
outlet, as shown previously in idealized networks (Sahimi,
1993; Shah et al., 1995). This phenomenon is observed in the
current model by applying a fixed pressure gradient across the
packed bed and solving for the pressure in each pore. At very
low applied pressure gradients, the fluid yields nowhere be-
cause the pressure drops (across pore throats) do not generate
sufficient internal stresses to overcome the yield stress. At
somewhat larger pressure gradients, selected pore throats will
be exposed to large-enough wall stresses to exceed the yield
stress. However, if enough smaller throats remain closed at this
pressure gradient, the net flow rate remains zero. (Note that this
phenomenon cannot be observed when the rigorous Bingham
constitutive equation is enforced, because the pressure is inde-
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terminate. However, it is observed with the approximate con-
stitutive equation for cases where AP, is arbitrarily close
AP*.)) Finally, when enough throats yield so as to form a
connected path from one end of the network to the other, flow
is observed.

In this work, we refer to the threshold pressure gradient as
the lowest pressure gradient at which flow through the packed
bed occurs. Figure 10 contains images of the network at three
different pressure gradients, beginning at the threshold pressure
gradient for the particular network/fluid combination that was
used (see caption); the black indicates the conductive path(s)
for fluid flow.

This critical behavior has important implications for misci-
ble fluid displacement. Typically, one miscible fluid will dis-
place another completely, given sufficient time. However, if
the displaced fluid is a yield-stress fluid, and a fraction of pore

76% open

0.2% open 23% open

Figure 10. Qualitative results showing percolation paths
in the network model for increasing pressure
gradient.

The Figure shows % of bonds open to flow. The Bingham
fluid modeled has rheological properties, 7, = 10 Pa, u, =
0.1 Pa-s, and the specified bed had a uniform particle diam-
eter of 0.2 cm and porosit;f of 38%. The measured perme-
ability is 3.12 X 10> cm?.
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Figure 11. Quantitative results of Darcy velocity vs. pressure gradient comparing network model to the modified

Darcy’s law shown in Eq. 2.

Fluid and bed properties are the same as in Figure 10. The network permeability was substituted into Eq. 2 for comparison.

throats does not yield, then the displacement will be more
analogous to an immiscible displacement, with a trapped phase
remaining behind. This effect will be pronounced if the dis-
placed phase has a higher bulk viscosity (for example, water
displacing a highly viscous polymer gel), because the pressure
gradient will decrease during the injection sequence (for con-
stant rate displacement), which may cause additional pore
throats to return to an unyielded state.

A note should be made regarding the solution at low-pres-
sure gradients (below the threshold gradient). Numerical cal-
culation of whether interior throats have yielded makes use of
the pressure distribution obtained using one of the approximate
equations for flow (see Figure 9). The implicit assumption is
that the stress distribution in the unyielded material is similar to
the stress distribution for flow. (The issue here is not with the
approximate equations vs. the rigorous equations, but that we
have made no a-priori statements about the stress-strain be-
havior of the unyielded material.) For a single tube, using the
Newtonian pressure field is equivalent to assuming that the
unyielded gel is an incompressible, linear elastic material con-
strained from slipping at the walls, which is not an unreason-
able assumption. Extending this logic to the packed bed re-
quires that the network-model approach be a valid way to
approximate the stress propagation in the porous media, which
is a more complex issue. While these considerations are im-
portant, they are not addressed further because the focus of this
work is on flow at the threshold pressure gradient and above.
We have shown that these solid-mechanics issues do not affect
calculation of the threshold gradient by solving the rigorous
Bingham equations (starting at higher pressure gradients and
moving down), and then solving the approximate equations
(starting at low-pressure gradients and moving up). These two
approaches give the same percolation path and threshold gra-
dient.
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Quantitative description of flow

Using the Network model, quantitative relationships for
Darcy velocity vs. pressure gradient can be developed. Figure
11 contains results for a particular fluid and packed-bed com-
bination (rheological properties and morphologic properties are
shown in the caption). Also plotted is the flow behavior pre-
dicted by the modified Darcy’s law (Eq. 2) presented by
Al-Fariss and Pinder (1987), using the same rheological and
morphological properties.

Two major differences exist between the results from the
network model, and those obtained from the modified Darcy’s
law. First, the semi-empirical model predicts the relationship to
be linear for a Bingham fluid, with an x-intercept at the thresh-
old gradient; whereas the network model predicts a nonlinear
relationship at low-pressure gradients. Second, the predicted
threshold gradient is significantly lower for the network model,
(giving higher Darcy velocities for a given pressure gradient in
the finite flow regime).

The network model predicts nonlinear behavior at low-
pressure gradients for two reasons. First, Eq. 5 is nonlinear
(with respect to pressure gradient) because the size of the
unyielded core decreases with increasing flow. In contrast, the
modified Darcy’s law uses a simplified velocity profile and the
nonlinear terms in the expression for flow are ignored. Second,
the network model accounts for the natural heterogeneity in the
packed bed. Throats in the network are of varying size, and,
therefore, open sequentially with increasing pressure gradient,
which leads to increased conductivity. Conversely, the modi-
fied Darcy’s law assumes a bundle of uniform-sized tubes, and
the yield point occurs everywhere at a single value of the
applied pressure gradient. This latter effect (that is, heteroge-
neity) can be observed in Figure 10 images, which correspond
to the three locations marked by arrows in Figure 11.
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Figure 12. Darcy velocity vs. pressure gradient for the experimental work presented by Chase (2003).

The Bingham fluids used were aqueous solutions of Carbopol: (a) 0.37% solution with rheological parameters 7, = 2.2 Pa and p, = 0.025
Pa-s; (b) 0.6% solution, 7, = 9.0 Pa and u, = 0.05 Pa-s, and (c) 1.0% solution, 7, = 17.0 Pa and p, = 0.15 Pa-s. The bed was packed with
glass beads of particle diameter 0.211 cm at 37% porosity. Experimental data were estimated from plots in the referenced article.

The more significant observation from Figure 11 is that the
network curve is shifted to the left of the modified Darcy’s
relationship. The curves are parallel at high pressure gradients
with slope equal to K/u,, but the network model predicts a
lower threshold gradient and a higher Darcy velocity at all
pressure gradients. There are at least three fundamental reasons
for the difference:

(1) Parallel heterogeneity. The bundle-of-tubes approach
employed in the derivation of the modified Darcy’s law as-
sumes that each tube is the same size. Therefore, flow yields
everywhere at exactly the same pressure gradient. In the net-
work model, certain throats in the network will allow flow to
occur before other throats will because of microscopic hetero-
geneity. Accordingly, the threshold pressure gradient corre-
sponds to the path (in the context of a Bingham fluid) that is
conductive at the lowest-pressure gradient to allow flow, which
is lower than the pressure gradient that is predicted in an
average sense. Sahimi (1993) has observed this same behavior
when comparing Monte Carlo network simulations vs. effec-
tive medium theory for the case of transport with critical
behavior.

(2) Series Heterogeneity. Each percolation path through a
real porous medium contains series heterogeneities that are not
captured by the bundle-of-tubes models. In these models an
equivalent tube is created with uniform radius, and the same
conductivity as the heterogeneous throats in series. However,
the equivalent tube does not, in general, predict the same
threshold gradient.

(3) Converging-diverging throat geometries. In the network
model, we account for converging/diverging geometry, as de-
scribed previously. In the modified Darcy’s law, the surface
area term comes from an estimate of the hydraulic radius along
with the bed length (the latter adjusted for tortuosity), both of
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which are derived from semiempirical arguments for flow of
Newtonian fluids. Since frictional losses during creeping flow
of Newtonian fluids depend on total surface area, the bundle-
of-tubes models are expected to overestimate the threshold
pressure gradient.

Analysis of the model results

A limited amount of experimental data has been published
for the flow of yield-stress fluids in packed beds (Park, 1971;
Al-Fariss and Pinder, 1987; Chase and Dachavijit, 2003). In
each case, a simple constitutive model (Bingham or Herschel-
Bulkley) was assumed for the fluid, and rheological parameters
(that is, wg, 79, n) were determined using a least-squares fit to
the rheological data. Data were collected for the pressure
gradient as a function of velocity in packed beds. Al-Fariss and
Pinder (1987) and Chase and Dachavijit (2003) referred to a
threshold gradient for flow initiation, but for constant flow rate
experiments a threshold gradient can only be estimated through
extrapolation to zero flow. This method is somewhat subjective
since a no-flow condition is never truly observed.

Chase and Dachavijit (2003) used various concentrations of
Carbopol 941 solution, and used a Bingham equation to model
shear stress vs shear rate data. The model fit relatively well,
although some systematic deviation was observed, particularly
at low- shear rates. Using the measured rheological and bed
properties, the network model was run and compared to the
experimental data. Figure 12 shows quite good agreement
between the experimental data and the network results, espe-
cially noting that the network-model results were obtained by
direct substitution of the packed bed and rheological properties
from the referenced article into the model, with no adjustable
parameters. Chase and Dachavijit (2003) compared the exper-
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Figure 13. Darcy velocity vs. pressure gradient for the experimental work presented by Al-Fariss and Pinder (1987).

The Herschel-Bulkley fluid used was 2.5% Parvan 55 in Clarus B oil at 18°C with measured rheological parameters, 7, = 3.15Pa, u, = 0.335
Pa-s, and n = 0.97. The bed was packed with glass beads of particle diameter 0.077 cm and 36% porosity.

imental results to their modified Ergun equation, and then
added an experimental constant in the threshold gradient term
to account for the assumptions of the bundle-of-tubes approach
used in the derivation. Although the constant was determined
from a wide range of concentrations of Carbopol solutions, it is
not known whether the adjusted modified equation could be
applied to other Bingham fluids and packed beds.

Al-Fariss and Pinder (1987) conducted flow tests using a
Paraffinic wax (Parvan 55) in oil (Clarus-B or Clarus-C).
Rheological tests of the fluid were conducted for a wide variety
of concentrations and temperatures, and the data were fit to a
Herschel-Bulkley model. Flow tests were performed in packed
beds of sand (Dp = 0.077 cm, ¢ = 36%), for which a New-
tonian permeability of 3.15 X 107® cm? was measured. To
model flow of the non-Newtonian fluids, the authors adjusted
the modified Darcy’s law to fit their experimental data for each
specific fluid/bed combination that was tested. The adjustments
were made by obtaining a best fit, and then by altering the
permeability, threshold gradient term, and power-law index in
Eq. 2. Since these adjustments were made on an experiment-
by-experiment basis, it is unlikely that they could be used for
the prediction of Bingham-fluid flow in a general sense.

One of the fluids that exhibits nearly Bingham behavior (n =
0.97) was chosen to compare with the network model. An
excellent fit to the rheological model is provided in Al-Fariss
and Pinder (1987). The packed bed was modeled using uniform
spheres (since no size distribution is provided in the referenced
article). Mean sphere diameter and porosity were matched to
the experimental values, and the permeability estimated by the
network model (3.69 X 10~ cm?) compares favorably to the
experimental results.

Figure 13 is a comparison of the experimental data to the
results of the Network model, which shows rather poor agree-
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ment. Al-Farris and Pinder (1987) also note that the data match
poorly to the modified Darcy’s law (without any empirical
adjustments). They argue that the reason for the discrepancy is
that the effective permeability will be less for yield-stress fluids
(than for fluids without a yield stress), because some pores in
the bed will contain unyielded fluid and will, therefore, be
blocked to flow. Our results show that the discrepancy cannot
be attributed to this rheological effect because it is significant
only at low-pressure gradients (see Figures 9 and 10), and at
high-pressure gradients flow should approximate Newtonian
behavior.

In Figure 13, the major difference between the experimental
data and network model is not the value of the threshold
gradient, but rather the Darcy velocity at high-pressure gradi-
ents, where the slope should be nearly equal to K/w,. This
order-of-magnitude discrepancy in slope between the predicted
and measured values must be attributed to either a reduction in
the permeability of the porous medium or in-sifu rheological
behavior that differs significantly from what is observed in bulk
measurements. Permeability reduction in porous media caused
by non-Newtonian flow is not uncommon, and is reported in
the literature (for example, Savins, 1969); absorption and fil-
tration are examples of physical effects that can contribute to
this effect. It is worth noting that network modeling, being a
pore-scale approach, is an effective method to examine these
phenomena, although more conclusive experimental evidence
should be obtained before adopting this modeling strategy.

Park (1971) used aqueous solutions of polymethylcellulose
(PMC) to conduct experimental tests of flow in packed beds.
Rheological data were obtained at two concentrations and two
molecular weights of PMC. A Herschel-Bulkley model fit the
data with acceptable accuracy. However, due to the strong
shear-thinning behavior of the fluid (n = 0.57), these data
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could not be compared quantitatively to the current model,
without developing an appropriate set of flow rate equations
(analogous to Eq. 5) for Herschel-Bulkley fluids.

Conclusions

The flow of non-Newtonian fluids in packed beds is impor-
tant in many practical applications, and equations and theory
for yield-stress fluids is unique, because a threshold pressure
gradient is required to initiate flow. A number of macroscopic
relationships, which are used for continuum-scale modeling
have been proposed for non-Newtonian fluids and a few are
applicable for yield-stress fluids. While these simple, closed-
form expressions are convenient when applicable, they are also
quite restrictive in how they are applied.

Network models have been used extensively to understand
fundamental aspects of flow in porous media. In this work, we
used computer-generated sphere-packings to construct physi-
cally representative models of packed beds, which in turn
allows for the quantitative modeling of flow. An algorithm is
described for modeling the steady flow of a Bingham fluid in
the packed bed. It is also applicable to other non-Newtonian
fluids, although certain critical network parameters have been
evaluated only for the Bingham case.

Modeling of this highly nonlinear process illustrates the
importance of retaining proper pore morphology into the phys-
ically representative network models. Specifically, linear prob-
lems require only the hydraulic conductivity of pore throats to
be known; however, additional parameters are required for
nonlinear flows, which are rarely considered when generating
the capillary networks commonly used in network modeling.
The approach proposed here is to avoid transforming the net-
work into capillaries at the initial stage, and, instead, to con-
struct the network using rigorous geometric parameters. If later
transformation into simple geometries is required (to accom-
modate flow modeling), it should be performed on a case-by-
case basis, depending on the physics of the flow.

Comparison of the model with experimental data from Chase
and Dachavijit (2003) shows good agreement, suggesting that the
model captures quantitative flow behavior. The comparison with
data from Al-Fariss and Pinder (1987) is much poorer. Qualitative
arguments suggest that the discrepancy is a result of permeability
reduction (possibly caused by filtration or absorption), or a fluid
rheology that is inconsistent with the reported measured rheologi-
cal parameters, rather than a problem with the network model.

Finally, we note that the network model possesses important
attributes not found in simpler capillary models. First, it pro-
vides context for interpreting empirical corrections that are
commonly applied to the capillary models. (In the current
study, it shows that empirical corrections applied to the mod-
ified Darcy’s law are not attributed to factors, such as tortuos-
ity, interconnectivity, or heterogeneity.) Second, key parame-
ters, such as particle-size distribution or packing heterogeneity,
can be incorporated into the model explicitly. Finally, the
network model can be readily extended for the modeling of
transient processes (for example, displacement of the yield-
stress fluid from the packing).
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Notation
a = geometric parameter for general duct
C = tortuosity constant

D, = particle diameter
g = hydraulic conductivity
K = permeability
L = tube length

LYPR = linear yield point ratio
n = power-law index
P = pressure

A P = pressure drop across duct/tube
A P* = critical pressure drop required to initiate flow

A P*,, = linear critical pressure drop
P, = dimensionless pressure drop
A P,, = pressure drop that approximate curve equals actual curve

g = throat flow rate
R = tube radius
S = surface area
S,y = effective surface area
v = velocity
vy, = Darcy velocity
YPR = yield point ratio

Greek letters

Yg = aspect ratio
T = shear stress
= wall stress
T, = yield stress
® = viscosity
o = effective viscosity
o = viscosity constant in Herschel-Bulkley model

Subscripts

cap = cylindrical capillary tube
duct = arbitrary duct

i = pore

Jj = adjacent pore
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Appendix A
Streamline-Scale Modeling

For Newtonian fluid flow in a duct, the flow rate vs. pressure
drop relationship is linear at low-Reynolds numbers, regardless
of the duct geometry. Hence, even for complex-shaped ducts,
this relationship can be captured by a single scalar hydraulic
conductivity term. For non-Newtonian fluids, additional geo-
metric term(s) can appear in the expression for flow rate. For
instance, as shown by Eqgs. 5 and 7, flow of a Bingham fluid in
a cylindrical duct contains the hydraulic conductivity, as well
as the duct surface area.

In either case, numerical modeling of microscale flow can be
used to help estimate throat hydraulic conductivities g;;. For the
Newtonian case, this approach is valuable because of the
complex geometries encountered in the network (Thompson
and Fogler, 1997). However, simpler approaches can also be
used, which make use of known functionalities between fric-
tional loss and duct geometries (for example, Sisavath et al.,
2001, 2002). In this article, due to the non-Newtonian behavior,
detailed simulations have been used, because it is not clear how
to properly choose the equivalent throat geometries so as to
quantify the flow behavior.

To characterize yield-stress flows in converging-diverging
ducts, finite-element-method (FEM) simulations were per-
formed using idealized, axisymmetric geometries. The equa-
tions of motion for creeping flow were solved using a Galerkin
FEM formulation. The fluid rheology was for a Bingham fluid,
which was modeled using an approximate constitutive equation
(Beverly and Tanner, 1992). No-slip boundary conditions were
imposed along the surfaces of the duct. At the inlet and outlet,
the normal component of stress was specified, and tangential
velocity was set equal to zero. These inlet/outlet boundary
conditions are valid for a duct having symmetry reflected
across the -0 plane. Although this symmetry is certainly not
present in pore-throats of the packed bed, the approximations
made here (and the empiricism described in the body of the
article) are commensurate with general assumptions made in
network modeling.

Flow was modeled for a variety of axisymmetric, converg-
ing-diverging geometries. Figure 5 illustrates the flow patterns
in a duct with a circular constriction rotated around the axis of
symmetry (which coincides with the bottom of the figure).
Other constriction shapes included ellipses (with their long
axes oriented both horizontally and vertically), squares, and
trapezoids. The flow domains were meshed using Delaunay
triangulation. Six-node triangles were used for velocities, and
pressure was assumed constant over each element. A mixed
method formulation was used. Local mesh refinement was
performed in areas of high stresses to ensure reasonable accu-
racy.
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